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In the first part of this paper, we study the back-reaction of large-N light cone
momentum on the maximally supersymmetric anti-pp-wave background. This
gives the type IIA geometry of large-N D0-branes on curved space with fluxes.
By taking an appropriate decoupling limit, we conjecture a new duality be-
tween string theory on that background and dual field theory on D0-branes
which we derive by calculating linear coupling terms. Agreement of decou-
pling quantities, SO (3)×SO (6) isometry and Higgs branch on both theories
are shown. Also we find whenever dual field theory is weakly coupled, the
curvature of the geometry is large. In the second part of this paper, we derive
the supermembrane action on a general pp-wave background only through
the properties of null Killing vector and through this, derive the Matrix
model.
1 Introduction
At the present time, two concrete examples of the holographic principle are
well known. One is AdS/CFT and the other is the M(atrix) model of M-
theory [1]. The latter is conjectured to be the microscopic definition of 11
dimensional M-theory in the DLCQ description and its action is described
by the large-N limit of dimensional reduction of 16 supercharges U(N) gauge
theory to 0 + 1 dimensions [2]:
S0 =
∫
dτTr
(
9∑
i=1
1
2
X˙ i2 +
1
4
9∑
i,j=1
[
X i, Xj
]2
+ iΨT Ψ˙−
9∑
i=1
ΨTγi
[
X i,Ψ
])
(1)
Interest in this model was revived after the paper [3] where the Matrix
model on maximally supersymmetric pp-wave is derived containing extra
mass terms:
Smass =
∫
dτTr
(
−
3∑
i=1
1
2
(µ
3
)2
X i2 −
9∑
i=4
1
2
(µ
6
)2
X i2 +
iµ
3
3∑
i,j,k=1
ǫijkX
iXjXk − iµ
4
ΨTγ123Ψ
)
(2)
This corresponds to a background that is the maximally supersymmetric
pp-wave metric [4, 5],
ds2 = 2dx+dx− −
3∑
i=1
(µ
3
)2
xi2dx+2 −
9∑
i=4
(µ
6
)2
xi2dx+2 +
9∑
i=1
dxi2 . (3)
F (4) = µdx+ ∧ dx1 ∧ dx2 ∧ dx3
Several papers about analysis and generalization of this action soon fol-
lowed [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. A big difference of this
model from one on flat space is the non-existence of flat direction due to
the mass terms which are induced by pp-wave geometry. This improves the
situation, since we do not have to worry about the threshold bound state,
which is a very difficult problem in the flat space case.
On the other hand, it is well-known that the M(atrix) theory action is the
same action of type IIA large-N D0-branes action in flat space background.
This relation is clarified by the paper [20, 21] and its claim that by infinitely
boosting a large-N IIA D0 system, the small spacelike compactified radius
along x10 is infinitely boosted to a large lightlike radius along x−. The
reason we need to take large-N limit is because we want to take lightlike
circle to infinity while keeping p− fixed. A similar story should hold in the
1
M(atrix) model on the pp-wave background. In [7], IIA background metric
on which D0-branes action is identical to BMN action is explicitly derived.
They derived it by “unboosting ” 11 dimensional pp-wave metric and then
compactifying this to 10 dimensions. The metric is written in string frame
as,
ds2 = g00dt
2 + gABdx
AdxB . (4)
g00 = −e− 23φ, gAB = δABe 23φ
e
4
3
φ = 1− 1
4
F 2
A0 =
−F 2
4
1− F 2
4
F 2 ≡
(µ
3
)2 (
x21 + x
2
2 + x
2
3
)
+
(µ
6
)2 (
x24 + · · ·+ x29
)
F0123 =
µ
2
1− F 2
2
1− F 2
4
, H123 = −µ
2
The above metric makes sense only when curvature is small, that is, only
when F 2 ≪ 4. Actually by using this property [22], we can construct the
D0-branes action in this weak background and it is the same action of BMN
[7].
In [6] it was shown that the back-reaction of the large-N D0-brane charge
on the geometry is important. In the flat space background case, we know
large-N D0-branes action is dual to string theory on a warped AdS2 × S8
background, and depending on the energy scale we consider, we have different
description of this 0+1 dimensional theory. The phase diagram of this D0-
branes system is shown in the beautiful paper [6].
Motivated by these developments, it would be interesting to establish
a similar correspondence in the non-trivial background (4), that is, to ob-
tain string theory on the near-horizon geometry of large-N D0-branes in the
background geometry (4) that is dual to BMN action. Unfortunately we
don’t know the 11-dimensional supergravity solution which corresponds to
D0-branes on geometry (4) in 10-dimension. But instead, we know anti-D0-
branes (=graviton which propagate along −x10 direction) solution on geom-
etry (4). Equivalently we know D0-branes on all RR fields sign flipped geom-
etry of (4), which corresponds to “anti” pp-wave in 11-dimension. Therefore
we study the back-reaction of large-N D0-brane charge on anti-pp-wave back-
ground in this paper1.
1The author is grateful to Juan Maldacena for pointing out a mis-interpretation of
anti-D0-branes as D0-branes in the first version of this paper.
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The organization of this paper is composed of two parts. In section 2, we
study the effect of the back-reaction of large-N D0-brane charge on the max-
imally supersymmetric anti-pp-wave. By taking an appropriate decoupling
limit, we derive the IIA geometry which is given by eq. (10) with flux (12).
Then we consider the dual field theory whose action is derived by calculating
the linear coupling terms of D0-branes with background (19). We find agree-
ment about well-defined O (α′2µ) deformation, SO (3)×SO (6) isometry and
Higgs branch on both theories. Also it is shown that whenever the dual field
theory can be described by perturbation theory, the curvature of the geome-
try (10) is large. In section 3, this is completely independent work to section
2, we try to derive the Matrix model on a general pp-wave background. We
consider the supermembrane action on a general pp-wave background up to
quadratic terms of fermion fields. Then we prove that there are no higher
order corrections only through the properties of null Killing vector. Finally,
we obtain the Matrix model on a general pp-wave background and we study
its supersymmetry which has the expected form given the background. In
the appendix, we summarize the relevant facts about general pp-waves.
2 Back-reaction of large-N D0-brane charge
on anti-pp-wave
2.1 Type IIA background
The gravitational wave with N units of momentum in flat 11 dimensional
space has the supergravity background
ds2 = 2dx+dx− +
(
C
|~x|7
)
dx−2 + d~x2 . (5)
F (4) = 0
C ≡ 28π 92Γ
(
7
2
)
α′5
(
g2YMN
)
F (4) is field strength of 3-form gauge potential and the constant C is checked
from comparison of this metric when KK reduced to the 10 dimensional
metric describing N D0-branes. Now because of enough supersymmetry, the
superposition of “anti”-pp-wave metric
ds2 = 2dx+dx− −
3∑
i=1
(µ
3
)2
xi2dx−2 −
9∑
i=4
(µ
6
)2
xi2dx−2 +
9∑
i=1
dxi2 (6)
3
F (4) = µdx− ∧ dx1 ∧ dx2 ∧ dx3
and gravitational wave (5) is also a solution of Einstein equations. We com-
bine them using the ansatz of plane wave,
ds2 = 2dx+dx− +H (~x) dx−2 + d~x2
H ≡
(
C
|~x|7
)
−F 2 =
(
C
|~x|7
)
−
[(µ
3
)2 (
x21 + x
2
2 + x
2
3
)
+
(µ
6
)2 (
x24 + · · ·+ x29
)]
(7)
F−123 = µ
where F 2 is defined in eq. (4). The only nontrivial component of the Ricci
tensor is R−− ∼ ∂2iH ∼ −µ2 (except at ~x = 0). Because the curvature
scalar vanishes, the superimposed solution satisfies the Einstein equation
R−− ∼ −F−ijkF ijk− ∼ −µ2 as expected. Note that the solution (7) preserves
one half of the supersymmetry. Knowing the 11 dimensional metric, it is
straightforward to derive the 10 dimensional metric in string frame. Taking
into account µ→ µ√
2
by unboosting, the metric is,
ds2 = g00dt
2 + gABdx
AdxB . (8)
g00 = −e− 23φ, gAB = δABe 23φ
e
4
3
φ = 1 +
1
4
H
A0 =
−H
4
1 + H
4
F0123 = −µ
2
1 + H
2
1 + H
4
, H123 = −µ
2
This is the IIA supergravity solution called homogeneous D0-branes (HD0-
branes) in [5]. Note that the above solution describing all N D0-branes
sit at the center of the space, but we can put the center of each harmonic
function anywhere, this is easily seen in 11-dimensional solution (7) because
of supersymmetry. Physically geometry is the same as considering usual pp-
wave with N anti-D0-branes. The superposition of N D0-branes and usual
pp-wave is not a 11 dimensional supergravity solution unfortunately.
2.2 Decoupling limit and near horizon geometry
As usual in AdS/CFT duality, we must take the near-horizon geometry of
the metric (8) so that the boundary theory decouples from the bulk theory.
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The decoupling limit we take is
U2 ≡ 1
α′2
3∑
i=1
xi2 = fixed, V 2 ≡ 1
α′2
9∑
i=4
xi2 = fixed, (9)
g2YM =
1
4π2
gs
α
′3
2
= fixed, µα′2 = fixed, α′ → 0
The type IIA supergravity solution in this decoupling limit is
ds2 = α′
[
−g−
1
2
0 dt
2 + g
1
2
0
(
dU2 + U2dΩ22
)
+ g
1
2
0
(
dV 2 + V 2dΩ25
)]
(10)
where g0 is well-defined:
g0 =
1
4
[
28π
9
2Γ
(
7
2
)
(g2YMN)
(U2 + V 2)
7
2
−
(
α′2µ
3
)2
U2 −
(
α′2µ
6
)2
V 2
]
(11)
In this decoupling limit, the NSNS and RR field strengths are
H123 = −α′
(
α′2µ
2
)
, F0123 = −α′
(
α′2µ
)
(12)
You can easily see that since both the metric and the NSNS field strength
are O (α′), their contributions are at the same order and give rise to the well-
defined Nambu-Goto action, that is, α′ cancel out in SNG ∼ 1α′
∫
d2σ
√
det (G+B).
And of course these fluxes are supported by a curvature term which is pro-
portional to α′2µ in g02. Now it is clear that this background has SO(9)→
SO(3)×SO(6) symmetry breaking because of the O (α′3µ) terms in the flux
and the metric. Here we take parameter µ as (9). If we take different limit
of µ, the results are very different. For example if we take µ = fixed, the
effect of µ is negligible. The geometry is warped AdS2 × S8 space and the
rotational symmetry is enhanced to SO(9). If we take a limit where µ is
bigger than O (α′−2), the IIA metric doesn’t make sense since the curvature
becomes singular at g0 = 0, i.e. from 11 dimensional point of view, the sign
of metric in (dx10)
2
changes and becomes timelike, therefore compactification
doesn’t make sense at this point.
The curvature of this metric is (for simplicity taking U and V to be the
same order)
α′R ∼ g−
1
2
0 U
−2 (13)
2The author thanks Koenraad Schalm for a useful discussion on this point.
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So the curvature small condition is satisfied for
U ≪ (g2YMN) 13 if (g2YMN) 13 . (α′2µ)− 13 (14)
U ≪ (g2YMN) 19 (α′2µ)− 29 if (g2YMN) 13 & (α′2µ)− 13 (15)
Also the dilaton small condition is satisfied for
(g2YMN)
1
3
N
4
21
≪ U . (g2YMN)− 23 (α′2µ)−1N 23 (16)
Note that the second inequality in eq. (16) is weaker than curvature small
condition in eq. (14) and (15). We claim that IIA string theory on this
background (10) with fluxes (12) is well-defined as long as we consider theory
at energy scale region U :
(g2YMN)
1
3
N
4
21
≪ U ≪ (g2YMN) 13 if (g2YMN) 13 . (α′2µ)− 13 (17)
(g2YMN)
1
3
N
4
21
≪ U ≪ (g2YMN) 19 (α′2µ)− 29 if (g2YMN) 13 & (α′2µ)− 13 (18)
2.3 Dual field theory
The theory on D0-branes is derived by assuming the linear coupling of D0-
branes with these background field:
ds2 = g00dt
2 + gABdx
AdxB . (19)
g00 = −e− 23φ, gAB = δABe 23φ
e
4
3
φ = 1− 1
4
F 2
A0 =
F 2
4
1− F 2
4
F 2 ≡
(µ
3
)2 (
x21 + x
2
2 + x
2
3
)
+
(µ
6
)2 (
x24 + · · ·+ x29
)
F0123 = −µ
2
4− 2F 2
4− F 2 , H123 = −
µ
2
by following the methods of [22]. Note that this metric is derived by com-
pactifying the “anti”-pp-wave geometry along x10 direction and taking into
account the rescaling of µ→ µ√
2
, therefore the sign of RR-field A0 and F0123
6
is flipped compared with (4). By taking the weak curvature limit and ne-
glecting the O((F 2)2) terms, the above IIA background is approximated as
φ ∼ − 3
16
F 2, h00 ∼ −1
8
F 2, hAB ∼ −1
8
F 2δAB,
A0 ∼ F
2
4
, C0ij ∼ ǫijkµ
6
xk, Bij ∼ −ǫijkµ
6
xk
The dual field theory has action3:
S = Sflat + Slinear
Slinear =
∫
dt
[1
4
∂A∂BhµνI
µν(AB)
h +
1
2
∂A∂BφI
(AB)
φ
+
1
2
∂A∂BAµI
µ(AB)
0 + ∂ABµνI
µν(A)
s + ∂ACµνλI
µνλ(A)
2
]
=
∫
dt
[
− 1
16
∂A∂BF
2
(
T−−(AB) +O(α ′112 )
)
+ ǫijk
2πα′µ
2
(
J−ij(k) +O(α ′92 )
)]
where ∂A =
∂
∂UA
and F 2 =
(
2piα′µ
3
)2 (
(U1)
2
+ · · · (U3)2
)
+
(
2piα′µ
6
)2 (
(U4)
2
+ · · · (U9)2
)
.
For details of this calculation, see appendix. And T−−(AB) ∼ O(α ′72 ) and
J−ij(k) ∼ O(α ′52 ) are given by
T−− =
(2πα′)4
4gsls
STr
(
FabFbcFcdFda − 1
4
FabFabFcdFcd + (Ψ
2, Ψ4 terms)
)
J−ij =
(2πα′)3
6gsls
STr
(
U˙ iU˙ lFlj − U˙ jU˙ lFli − 1
2
U˙ lU˙ lFij +
1
4
FijFlmFlm + FimFmlFlj + (Ψ
2, Ψ4 terms)
)
where F0i = U˙ i, Fij = i [U
i, U j ] and a, b, · · · run from 0 to 9, but i, j, · · · run
1 to 9. More details of the fermion terms are given in page 17 of [23]. The
higher multipole moments of these currents are given by
T−−(AB) = Sym
(
T−−;UAUB
)
+ T
−−(AB)
fermion
J−ij(k) = Sym
(
J−ij ;Uk
)
+ J
−ij(k)
fermion
In the decoupling limit (9),
Sflat → 4π
2l3s
gs
∫
dtTr
(
9∑
i=1
1
2
U˙ i2 +
1
4
9∑
i,j=1
[
U i, U j
]2
+ iΨT Ψ˙−
9∑
i=1
ΨTγi
[
U i,Ψ
])
(20)
3We use the notation of [22]
7
and
Slinear →
∫
dt
[
− 1
16
∂A∂BF
2
(
T−−(AB)
)
+ ǫijk
2πα′µ
2
J−ij(k)
]
=
4π2l3s
gs
∫
dt
Tr
[
− 1
32
(
4π2α′2µ
3
)2 3∑
A=1
STr
(
Sym(FabFbcFcdFda − 1
4
FabFabFcdFcd);U
AUA
)
− 1
32
(
4π2α′2µ
6
)2 9∑
A=4
STr
(
Sym(FabFbcFcdFda − 1
4
FabFabFcdFcd);U
AUA
)
+
3∑
i,j,k=1
ǫijk
(
4π2α′2µ
12
)
STr
(
Sym(U˙ iU˙ lFlj − U˙ jU˙ lFli
−1
2
U˙ lU˙ lFij +
1
4
FijFlmFlm + FimFmlFlj);U
k
)
+(Ψ2, Ψ4 terms)
]
(21)
We conjecture that this is the dual field theory action. Note that the
exact cancellation of the mass terms (which are O(µ2U2)) in this theory is
crucial because they are not well-defined in the decoupling limit (9). The
first nontrivial effects of the background (19) appears as higher O(α′4µ2U10),
O(α′4µ2U˙2U6) and O(α′4µ2U˙4U2) terms which are well-defined. The sym-
metry breaking SO(9) → SO(3) × SO(6) because of µα′2 terms are easily
confirmed just as in the dual geometry (11), (10). Also note that the above
theory has classical vacuum where all U i take static diagonal form. The exis-
tence of Higgs branch in dual field theory is expected, since the D0-branes can
move freely in the background (19), as easily understood from 11-dimensional
solution (7).
Let’s study when the perturbation theory is valid in this field theory.
The dimensionless effective coupling constants of this theory are g2eff =
g2YMN
U3
(α′2µU3)a where a is some constant which takes 0 ≤ a ≤ 1. Therefore
for perturbation theory to be valid, it is necessary to require following two
conditions: (
α′2µ
) (
g2YMN
)≪ 1 and g2YMN
U3
≪ 1 (22)
Note that this is the parameter region where the curvature of the dual geom-
etry becomes large, see (14). This is expected result of gauge/string duality
as in the µ = 0 case in [6]. Here we base our the argument on the bosonic
terms, but the fermion terms don’t change the above arguments at all. Fi-
nally we comment on the validity of weak approximation. From the geometry
8
(11), it is reasonable to expect that weak approximation is valid as long as
U ≪ (g2YMN)
1
9 (α′2µ)−
2
9 .
3 M(atrix) model on general pp-wave
In this section, we study less supersymmetric pp-wave backgrounds. One of
the surprising things in pp-wave is that there are plenty of pp-wave solutions
which preserve “supernumerary” or fractional number of additional super-
symmetries. So far as we know pp-wave solutions preserve N = 16 +Nextra,
where Nextra = 0, 2, 4, 6, 8, 10 [25, 26, 27, 8, 28, 29]. The goal of this section
is to try to derive the DLCQ action of the Matrix model on these general
pp-waves. We summarize the relevant known results about supersymmetry
of fractional pp-waves in the appendix.
The 11 dimensional pp-wave we consider has metric [24],
ds2 = 2dx+dx− +H
(
xi, x+
)
dx+2 +
9∑
i=1
dxi2
H
(
xi, x+
)
= −
9∑
i=1
µ2ix
i2
F (4) =
9∑
i,j,k=1
1
3!
fijkdx
+ ∧ dxijk
The Einstein equations require,
9∑
i=1
µ2i =
1
2
(
1
3!
) 9∑
i,j,k=1
(fijk)
2
Here pp-waves always have at least 16 supercharges, plus 2k “extra” super-
symmetries (see eq. (31),(32),(33),(34) in the appendix).
3.1 Supermembrane on general pp-wave
The 11 dimensional supermembrane action is
S [Z (ζ)] =
∫
d3ζ
[
−
√
−G (Z)− 1
6
ǫabcΠAaΠ
B
b Π
C
c BCBA (Z (ζ))
]
9
where ZA =
(
XM (ζ) , ξ (ζ)
)
are superspace embedding coordinates and
BCBA the antisymmetric tensor gauge superfield,
4 we also take light cone
gauge X+ = τ , τ is the world-volume time coordinate 5, and G is given by
G (X, ξ) = det
(
ΠMa Π
N
b gMN
)
= det (ΠraΠ
s
bηrs) .
Here Πra is the supervielbein pullback
Πra = ∂aZ
AErA
The supermembrane action on fully supersymmetric pp-wave background
can be derived by using the coset space approach where we can express the
supervielbein and tensor gauge superfield background in all orders of ξ [30].
In the fractional pp-wave case, we don’t know the exact supervielbein and
tensor field, although it is known to order (ξ)2 [31]. In the case that the
gravitino has 0 vev, supervielbein pullback Πra is given by
Πra = ∂aZ
AErA
= ∂aX
M
(
erM −
1
4
ξ¯ΓrstξwMst + ξ¯Γ
rΩMξ
)
+ ξ¯Γr∂aξ +O
(
ξ4
)
Also the tensor fields pullback term is given by
−1
6
ǫabcΠAaΠ
B
b Π
C
c BCBA (Z (ζ)) =
1
6
ǫabc∂aX
M∂bX
N∂cX
L
[
CMNL +
3
4
ξ¯ΓrsΓMNξw
rs
L − 3ξ¯ΓMNΩLξ
]
−ǫabcξ¯ΓMN∂cξ
[
1
2
∂aX
M
(
∂bX
N + ξ¯ΓN∂bξ
)
+
1
6
ξ¯ΓM∂aξξ¯Γ
N∂bξ
]
+O (ξ4)
Here the nonzero components of wrsM ,ΩM are given in eq. (29) in the ap-
pendix. In order to write down the explicit form of the fermion fields, we
write the 11 dimensional gamma matrices in terms of 9 dimensional gamma
matrices as given in eq. (30) and remove the κ symmetry of this action by
gauge fixing
Γ+ξ = 0
⇔ ξ¯ = 1
2
1
4
( 0 −ΨT ) , ξ ≡ 1
2
1
4
(
Ψ
0
)
Under this gauge condition, the supervielbein pullback and tensor gauge
superfield pullback are written as
Π+a = ∂aX
+, Πia = ∂aX
i,
4We use notation A = (M,α) for curved space-time indices, here M =
(+,−, i (= 1, ..., 9)) whereas tangent space vector indices r = +,−, i (= 1, ..., 9). We are
sloppy about transverse coordinates because that direction is flat. Also we use a = 0, 1, 2
for world-volume coordinate on membrane such that ǫ012 = 1.
5We choose world-volume coordinates
(
τ, σ1, σ2
)
.
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Π−a = ∂aX
− + ∂aX
+
(
H
2
− i
4
ΨTθΨ
)
+ iΨT∂aΨ,
−1
6
ǫabcΠAaΠ
B
b Π
C
c BCBA =
(
−1
6
9∑
i,j,k=1
fijk{X i, Xj}PBXk − i
9∑
i=1
ΨTγi{X i,Ψ}PB
)
Here {X,Ψ}PB = ǫ0ab∂aX∂bΨ, and θ ≡ 13!fijkγijk is the 16 × 16 SO(9)
gamma matrix. Therefore the action is given by
S =
∫
d3σ
( 9∑
i=1
1
2
X˙ i2 −
9∑
i=1
1
2
µ2iX
i2 − 1
4
9∑
i,j=1
{X i, Xj}2PB −
1
6
9∑
i,j,k=1
fijk{X i, Xj}PBXk
+iΨT Ψ˙− i
4
ΨT θΨ− i
9∑
i=1
ΨTγi{X i,Ψ}PB
)
(23)
again up to O (Ψ)4.
So far we have derived this action by truncating the full action, and in
principle we should include terms of higher order in Ψ. But even though we
derived this action by the truncation of O (Ψ)4 terms, we can argue that this
is the exact action on general pp-wave background. The proof is as follows.
6 The truncated terms have two parts, one being higher order terms in the
supervielbein pullback, the other higher order terms in the tensor gauge su-
perfield pullback. Let’s consider the supervielbein first. The supervielbein is
defined as Πri = ∂iZ
AErA, and ∂iZ
A is proportional to ∂iX
M or ∂iξ, while E
r
A
is superfield of elfbein which is made by some complicated function of the
quantities ξ, Γr, Cijk, F+ijk, ∂M , wMNL ≡ erNesLwrsM , ΓMNL and all other geo-
metrical functions with indices of curved spaceM,N, ..., i.e. (some derivative
of erM ) × erN . But note that Cijk, F+ijk, ∂M , wMNL ≡ erNesLwrsM , ΓMNL and
whatever function we obtain from the derivative of elfbein, they cannot have
curved space-time lower index M = −. This is because the pp-wave has null
Killing vector kM , which has only one nonzero component along upper index
M = − and lower index M = +, and the field strength is proportional to
kM = k+. In the same way all upper curved space indices can’t have M = +.
On the other hand, because of the gauge condition Γ+ξ = 0, ξ¯Γr...Γsξ can
be nonzero if and only if we have one tangent space upper index r = −
and no upper index r = + for the Gamma matrices between ξ¯ and ξ. Since
er=−,M 6= 0 if and only if M = +, in order to contract the curved space-time
index M , we need upper M = + for each ξ¯Γr...Γsξ term, and the only com-
ponent which can have upper M = + to contract is ∂aX
(M=+) = δ0a. Since
the supervielbein pullback is at most linear in ∂aX
M , we conclude that ξ is
6Similar argument about Green-Schwarz action on general pp-wave background which
doesn’t have supernumerary supersymmetry is found in [33].
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at most bilinear in ξ, therefore that there are no higher order corrections in
ξ.
In the same way we can show that there are no higher order corrections
to the ǫabcΠAaΠ
B
b Π
C
c BCBA (Z (ξ)) term in the action. Since each bilinear term
ξ¯Γr...Γsξ needs one upper index r = − and er=−,M 6= 0 iff M = +, we need
∂aX
(M=+) = δ0a from ∂aZ
A . But because ǫabc∂aX
M=+∂bX
N=+ = 0, we can
have at most linear terms in ∂iX
M=+. Therefore these terms are at most
bilinear in ξ so the action (23) which we obtained is exact.
3.2 Matrix model and its supersymmetry
Once we obtain the supermembrane action exactly, it is straightforward to
derive the Matrix model action by regularizing according to the usual pre-
scription [32].
XM (ζ)↔ XMN×N
Ψ (ζ)↔ ΨN×N∫
d2σ ↔ Tr
{, }PB ↔ −i [, ]
S =
∫
dτTr
( 9∑
i=1
1
2
X˙ i2 −
9∑
i=1
1
2
µ2iX
i2 +
1
4
9∑
i,j=1
[
X i, Xj
]2
+
i
3
9∑
i,j,k=1
fijkX
iXjXk
+iΨT Ψ˙− i
4
ΨT θΨ−
9∑
i=1
ΨTγi
[
X i,Ψ
])
(24)
Note that on general pp-wave, the mass term is time dependent. Re-
member that in BFSS Matrix model description of M-theory, we have 16
dynamical supersymmetries of the action, and that the supersymmetry trans-
formation spinor is the one for the background which survives after we in-
troduce momentum. That is, the 16 components of the background Killing
spinor which satisfy Γ01ǫ = ǫ (⇔ Γ−ǫ = 0) are realized as the dynamical su-
persymmetries of the flat space Matrix theory. The same story should hold
for a Matrix model on a pp-wave background. Actually one can see that
the dynamical supersymmetry transformation spinor of BMN action has ex-
actly this form as given in eq. (31) χ− in the appendix. (Note that because
Γ+ǫ = Γ+χ = 0⇔ χ− = 0, the χ+ components are not realized as dynamical
supersymmetry, but rather realized as kinematical supersymmetry of the Ma-
trix model on pp-wave.) In the same way we expect the above action has 2k
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supersymmetries as expected from the background pp-wave geometry. Now
it is straightforward to check the condition of supersymmetry of this action.
In order to analyze the supersymmetry of this action, it is enough to analyze
just the Abelian case. We therefore consider the Abelian action
S =
∫
dτ
(
9∑
i=1
1
2
x˙i2 −
9∑
i=1
µ2ix
i2 +ΨT∂τΨ− a
4
ΨT θΨ
)
. (25)
Even though we expect a = 1 from an derivation, here we take a to be an
unknown constant. Taking the ansatz of supersymmetry transformation as,
δX i = ΨTγiNiε (no sum over i)
δΨ =
9∑
i=1
(
X˙ iγiNiε+ µX iγiM′iε
)
ε = ε (τ) = eµMτε0
We wish to determine the matrices Ni, M′i, M as well as a. Terms of
O (µ0) automatically cancel. Terms of O (µ1) give
µM′i = −µNiM +
a
4
θiNi (26)
and
µ˙ = 0.
Here θi ≡ γiθγi. Finally the O (µ2) terms give(
µ2NiM2 − aµ
2
θiNiM +
((a
4
)2
θi2 + µ2i
)
Ni
)
ε = 0 (27)
for all i = 1...9. Let’s consider some solutions of this equation. Setting the
matrices Ni = 1 for all i = 1...9, equation (27) becomes(
µ2M2 − aµ
2
θiM +
(a
4
)2
θi2 + µ2i
)
ε = 0.
By setting M ≡ b θ
µ
, with b some unknown constant, this equation reduces to
(
b2θ2 − ab
2
θiθ +
(a
4
)2
θi2 + µ2i
)
ε = 0.
You can see that the solution a = ±1, b = ∓ 1
12
exactly coincides with
eq. (32). Also the form of the spinor is given by ε = e∓
µ
12
θ and again this
13
is exactly the expected form of the 2k Killing spinor in (31). So far we have
found that some supersymmetry transformations of the Matrix action are
inheritated from the background action.
Note also that this action has kinematical N = 16 supersymmetry under
which fields transform as:
δX i = 0
δΨ = exp
(
+
1
4
∫ x+
dx′+θ
(
x′+
))
η
for some constant spinor η. This is again expected from the supersymmetry
of the background.
4 Conclusions
In the first part, we have studied the back-reaction of the large-N momen-
tum on the maximally supersymmetric anti-pp-wave geometry. By taking
an appropriate decoupling limit, we derived the type IIA geometry on which
string theory is well-defined. The field theory action which we conjecture
to be dual to the geometry is derived through the linear coupling between
D0-branes and background fields. This gives a deformed version of 0+1-
dimensional SYM with 16 supercharges, dual to warped AdS2×S8 geometry
deformed by O (µα′2) terms. Both theories possess SO(3)× SO(6) symme-
try and Higgs branch. Also similarly perturbation theory and dual geometry
don’t make sense at the same time. In the second part, we succeed in deriv-
ing the supermembrane action and the Matrix model on a general pp-wave
background only through the properties of null Killing vector and checked
that the supersymmetry of this action is as expected from the background.
There are several points which are not fully understood. It would be nice
to understand the amount of supersymmetry in the geometry (10), and also
it would be nice to understand whether there are any other vacua in the
dual field theory. And of course it is very nice to derive the 11-dimensional
supergravity solution of D0-branes on usual pp-wave, if it exists. Finally it
would be interesting to analyze the light cone time-dependent Matrix theory
which is dual to M-theory on a time dependent pp-wave.
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A Fractionally supersymmetric pp-waves
Here we summarize the known results of 11 dimensional general pp-waves
which posses 16 ≤ N ≤ 32 SUSY.
The 11 dimensional pp-wave has metric
ds2 = 2dx+dx− +H
(
xi, x+
)
dx+2 +
9∑
i=1
dxi2
H
(
xi, x+
)
= −
9∑
i=1
µ2ix
i2
F (4) =
9∑
i,j,k=1
1
3!
fijkdx
+ ∧ dxijk
9∑
i=1
µ2i =
1
2 · 3!
9∑
i,j,k=1
(fijk)
2
Generally µi and fijk are functions of x
+.
The Killing spinor ǫ should satisfy
DMǫ = ∇Mǫ+ ΩMǫ = 0 . (28)
ΩM =
1
288
(
ΓPQRSM − 8δPMΓQRS
)
FPQRS
for M = 0, 1, ..., 11. In a pp wave background, the non-zero components of
the elfbein erM , spin connection w
rs
M and ΩM are
er=+,M=+ =
H
2
, er=+,M=− = 1, er=−,M=+ = 1, er=i,M=j = δij (29)
w−i+ =
1
2
∂iH = µ
2
ix
i .
Ω+ = − 1
12
Θ (Γ−Γ+ + 1)
Ωi =
1
24
(3ΘΓi + ΓiΘ)Γ−
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where Θ is defined as
Θ ≡
9∑
ijk=1
1
3!
fijkΓ
ijk.
In order to discuss the supersymmetry of these pp-wave backgrounds, it
is convenient to decompose the 32-component Killing spinor ǫ in terms of
two 16-component SO(9) spinors as
ǫ =
9∑
i=1
(
1− xiΩi
)
χ, χ ≡
(
χ+
χ−
)
Here we extract xi dependence from ǫ explicitly, therefore χ ≡
(
χ+
χ−
)
de-
pends only on x+. One can check that this xi dependence satisfies (28).
Decomposing the 11 dimensional gamma matrices in terms of SO(9)
gamma matrices,
Γi = γi × σ3 (i = 1...9) , Γ0 = 1× iσ1, Γ11 = −1 × σ2 (30)
Γ− = Γ
+ =
1√
2
(
Γ0 + Γ11
)
=
√
2
(
0 i1
0 0
)
Γ+ = Γ
− =
1√
2
(−Γ0 + Γ11) = √2( 0 0−i1 0
)
and define the 9 dimensional gamma matrix θ
Θ ≡
9∑
i,j,k=1
1
3!
fijkΓ
ijk =
9∑
i,j,k=1
1
3!
fijkγ
ijk × σ3 ≡ θ × σ3 .
Therefore Γ+ǫ = 0 means χ− = 0 since Γ+ǫ = Γ+χ. Then the Killing spinor
which satisfies (28) is expressed as
χ+ = exp
(
+
1
4
∫ x+
dx′+θ
)
ψ+, χ− = exp
(
− 1
12
∫ x+
dx′+θ
)
ψ− . (31)
Here ψ± is a constant spinor. Equation (28) gives no constraint on ψ+ but
gives a constraint on ψ−, that[
144µ2i +
(
3γiθγi + θ
)2 − 12 (3γi∂+θγi + ∂+θ)]ψ− = 0 (32)
for all i = 1...9. Here ∂+ =
∂
∂x+
. The condition that there exist supernu-
merary supersymmetry is that there exists non-trivial ψ− which satisfy this
equation, that is, the determinant must be zero, or
Π8I=1{
(
(12µi)
2 − ρ2i,I
)2
+ (12∂+ρi,I)
2} = 0 (33)
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for all i = 1...9. Here we choose the basis so that the 16 × 16 matrix
(3γiθγi + θ) is skew diagonal and its skew eigenvalues are ρi,I where I =
1, ..., 8.
This shows that fijk should be x
+-independent in order to have supernu-
merary supersymmetry. Then (33) can be zero if
144µ2i = ρ
2
I1i
= · · · = ρ2Ik,i (34)
is satisfied for all i = 1...9. Therefore pp-wave backgrounds always possess
16 supersymmetries from ψ+, and 2k supersymmetries from ψ− when the
background has no x+-dependence. ψ− has (16-2k) zero components because
of the 16− 2k nontrivial constraints (32).
B Dual field theory action in detail
The dual field theory has action:
S = Sflat + Slinear
Slinear =
∫
dt
[1
4
∂A∂BhµνI
µν(AB)
h +
1
2
∂A∂BφI
(AB)
φ
+
1
2
∂A∂BAµI
µ(AB)
0 + ∂ABµνI
µν(A)
s + ∂ACµνλI
µνλ(A)
2
]
=
∫
dt
[
− 1
32
∂A∂BF
2
(
I
00(AB)
h + I
ii(AB)
h
)
− 3
32
∂A∂BF
2I
(AB)
φ
+
1
8
∂A∂BF
2I
0(AB)
0 − ǫijk
2πα′µ
6
I ij(k)s + 3ǫijk
2πα′µ
6
I
0ij(k)
2
]
=
∫
dt
[
− 1
32
∂A∂BF
2
(
T++(AB) + T+−(AB) + (I00(AB)h )8 + T
ii(AB) + (T
ii(AB)
h )8 +O(α
′11
2 )
)
− 3
32
∂A∂BF
2
(
T++(AB) − 1
3
T+−(AB) − 1
3
T ii(AB) + (I
(AB)
φ )8 +O(α
′11
2 )
)
+
1
8
∂A∂BF
2
(
T++(AB)
)− ǫijk 2πα′µ
6
(
3J+ij(k) − 3J−ij(k) +O(α ′92 )
)
+3ǫijk
2πα′µ
6
(
J+ij(k) +O(α ′92 )
)]
=
∫
dt
[
− 1
32
∂A∂BF
2
(
(I
00(AB)
h )8 + (T
ii(AB)
h )8 + 3(I
(AB)
φ )8 +O(α
′11
2 )
)
+ǫijk
2πα′µ
2
(
J−ij(k) +O(α ′92 )
)]
=
∫
dt
[
− 1
16
∂A∂BF
2
(
T−−(AB) +O(α ′112 )
)
+ ǫijk
2πα′µ
2
(
J−ij(k) +O(α ′92 )
)]
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where ∂A =
∂
∂UA
and F 2 =
(
2piα′µ
3
)2 (
(U1)
2
+ · · · (U3)2
)
+
(
2piα′µ
6
)2 (
(U4)
2
+ · · · (U9)2
)
.
Note that terms involving T++(AB) and J+ij(k), which are origin of BMN mass
term in pp-wave case, are exactly canceled out in this anti-pp-wave case.
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